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Let A be an associative ring with 1 #£ 0.

A left A-module 4G is a progenerator if
o GS@A(OC)Q AS@G(O‘) o 0 cN

A left A-module 4T 1s a n-tilting module, n € N, 1f

0—=P—>—=P—>T—=0 P, <® A
0—sA—>Ty—>—>T, —0 T, <® 7(%)
Ext!(T,TP)) =0 Vi > 0, V cardinal

AT 1s a classical n-tilting module, 1f

e &N (insuchacasef =1)




Let 4T be a classical n-tilting module, and B :=End(47T).

classical O-tilting =progenerator
Homy(7,?): A-Mod 7 B-Mod :T®p?

Morita equivalences (1959)

classical n-tilting

KE; := {M € A-Mod : Ext/, (T,M) =0 # i}

Ext'(T,?) Tor;(T,7)

KT; := {N € B-Mod : Tor} (T,N) =0V, # i}

Miyashita equivalences (1986)



n> 1 AT classical n-tilting




n—=1 AT classical 1-tilting

A-Mod
M

Hom(T,?)| T@p? Ext}(T,?) | Tort(T,?)

N

B-Mod ' /

(KEQ, KE; ) . o A-Mod
are torsion pairs 1n
(KT},KTo) B-Mod




n—=1 AT classical 1-tilting

M/t(M) &
A-Mod 5 M

tM) | &

N/i(N)| &
B-Mod 2 N

t(N) | €




n>1 AT  classical n-tilting

Theorem [T - "02]

A-MOd > M —

iff Tor?
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n> 1 4T classical n-tilting

A-Mod




k algebraically closed field

A k-algebra 1&233 boa=0
L 1 2

Indecomposable projectives: > 3 3

Indecomposable injectives: 1 é %

Al = 18 ; P % 1s a classical 2-tilting

0 —=3B0B0 > 30000 B, @30 aT =0

Applying Hom(?,2):

0 « Hom( %,2) < Hom( 2,2)

Hom(T,2) = Ext(7,2) = Hom( 3,2) # 0



What to do?

Jensen, Madsen and Su [2013]

® Enlarge the classes KE;:
Lo [2013]

Fiorot, Mattiello, T [2016]
® Change the point of view:
Mattiello, Pavon, T [2020]



The derived category Z(A) of A-Mod

-2 -1 0 1

Objects: y*.— ..._>X—2d__2>X—1£>XOLO>X1L1>...

_ chain complex morphisms, ——x 1f>x0 oxd

modulo null homotopic ones, ..., e e

formally 1nverting giso
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2(A) is NOT abelian Z(A) is triangulated

x*Lye 70 o x*[]
Y* 7% = X*[1] = Y*[1]

Ift0—X —Y — Z — 01s a short exact sequence in A-Mod, then

X—=>Y—>Z-—-X|[1

is a triangle in Z(A)



X.,Y in A-Mod
0—=Y—=>0—---

0—=Y —=lh—L—- =0—=Y—=I(Y) b
O%I()%Il%---

Hom ) (X, ¥ [n]) 2 Homga) (X, 1(Y)[n]) = Hom (4 (X, 1(Y ) n]

0O0—0 — X -0 —
Lol L4

h—hHL—>—L 41—, =L — -

HomA(X,In_l) — HOIIIA(X,IH) — HOIIIA(X,I”_H)

Hom g 4) (X, Y [n]) = Ext} (X,Y)




t-structure pair (S=Y, ) of full subcategories of Z(A)
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heart of a t-structure

/: M = heart

The heart of a t-structure is an abelian category !

Beilinson, Bernstein, Deligne (1981)






Tilting 7-structure .7
={X* € 9(A): Homg 4 (T,X"[i]) = O for every i > 0}

= {X* € Z(A) : Homg4)(T,X"[i]) =0 forevery i <0}

[1]= = {X*® € Z(A) : Homgy,)(T,X*[i]) = 0 for every i <0}
Hr="Ton-0={X*€ 2(A): Homg)(T,X°*[i]) =0V i#0}
Hy|—1] ={X°[-1] € Z(A): Homg (T, X*[i]) =0V i#0}

= {X* € Z(A) : Homgy (T, X°[i]) =0V i#1}

KE, — A-Mod N (%g[—e])






Given two t-structures & and .¥, if

R e L =

then [Polishchuk, 2007]

X = H NIy W = AN | —1]

form a torsion pair (27, %) in 9¢%.



I TCTY| e [PNCTNCIE
>0 . @>O N y>0 9120 — 92—1 M yZO
@> —2 M y>0 .

9>0 9> n yZO :.

@?0 — 927N 72V are coaisles fori =0, ...n!

Denote by .7 the heart of the ¢-structure Z; = (2", 27°).

(2= A0 Aoy, W= SN A1)

is a torsion pair in J7;.



The r-tree

(20, %)

(21, %)

nlg

X< A-Mod
N
7112 X X1 €41
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5| —1] 5| —1] 5| 2]




A= k-algebra associated to 1—952-2.3 withhoa =0.
T=3%@®)®1 isa?2-tilting A-module.

Homy (T,2) ~Ext,(T,2) #0=— 2 ¢ KE;,{=0,1,2.

2 € A-Mod
/ \
(20,%) = (11.2.3.3). () # 5 2 0 €A[-1]
/N /N
(21,20) = (11.1.3.3 - 1} o) : 31 0 0
2 2) Q Q
4 -] Bl B2



Grazie per I’attenzione!



